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Fig. 11. Sensitivity of conversion to rate coefficients (FL =
0.9 and Fy = 4.0 cmd/s, d, = 0291 cm, t = 240°C, p = 40
atm).

The quantitative effect on the conversion of the three
local transport processes is shown in Figure 11. Here the
usual values of kra, ksa and D, are used in the computa-
tions, except one of them is varied by the amount indi-
cated on the abscissa. The ordinate values show the cor-
responding change in conversion. The dominating effect
of kra is again evident. Since kra is dependent upon the
somewhat uncertain estimates of diffusivities, it is not un-
likely that the predicted values for this rate coefficient are
in error. The calculations for the conversion shown in Fig-
ure 11 for a 10% lower value of kg, for one particle size

and set of flow rates, were repeated for other conditions
using the plug-flow model. The results are indicated by
the dotted lines in Figures 6 and 7. Comparison with the
solid lines shows that a 10% error in ke has a greater
effect than inclusion of axial dispersion in the model. Also
a 109% error in kpa is enough to account for the difference
between predicted and experimental conversions. It should
be noted that the restriction in our work to uniform liquid
distribution poses important limitations in using the results
for scale-up. Nonuniform distribution is normal in large-
diameter reactors, and this can affect performance signifi-
cantly, particularly at high conversions. Also scale-up may
lead to linear liquid velocities much different than those
employed in our work. At widely different velocities the
flow regime in the reactor may be different {(Weekman
and Myers, 1964) with probably different mass transfer
coefficients. For example, axial dispersion and reduction
in effective mass transfer area (due to inadequate wetting
of the particles) could be much more important at very
low liquid velocities.
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Stresses and Friction Forces in Moving

Packed Beds

A model to determine stresses and friction forces in moving packed beds
with interstitial fluid flow has been developed. The scaling parameters are

determined from the governing equations. A plane and an axisymmetric bed
geometry are studied and the wall stress calculated under uniform one-
dimensional axial flow conditions. The effect of added transverse flow (for
example, due to a screen in the wall) is investigated. The present model
is an improvement over earlier, one-dimensional models with capability to

GERSHON GROSSMAN

Faculty of Mechanical Engineering
Technion—Israel Institute of Technology
Haifa, Israel

include in the stress analysis varying pressure gradients in all directions

which may exist in practical moving bed systems.

SCOPE

Packed beds of granular solids flowing through a col-
umn as a consolidated plug have had wide application in
chemical and physical processes involving solid-fluid
interactions, While most such systems have relied on
gravity-induced motion of the bed (with co-flow or
counterflow of the contacting fluid), there has been grow-
ing interest in recent years in utilizing the fluid drag of
the co-flow as a driving force for the bed, which provides
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for better control and higher bed velocities. The moving
bed idea has been applied to the design of several con-
tinuous and semi-continuous solid-liquid contactors for
processes such as crystal washing and ion exchange
(Aerhart et al., 1956; Hancher and Jury, 1959; Shwartz
and Probstein, 1969; Gold et al., 1971, 1973).

In many of the moving bed systems, especially in those
with fluid counterflow, difficulties have been encountered
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in achieving a stable, steady motion of the bed due to the
high friction forces exerled on it by the column walls.
Several studies have been made trying to analyze and
determine the stresses in a moving bed. Delaplaine (1956)
investigated the forces acting in granular solids flowing
downward by gravity. His work was extended by Hancher
and Jury (1959) and later by Brandt and Johnson (1963)
to include stresses induced by fluid flow through the bed.
These studies were all based on a one-dimensional flow
model, which assumed, following Janssen (1895), a con-
stant ratio of the normal stress at the wall to the average
axial stress at each cross section of the column. Experi-
ments with one dimensional flow, concwirent and counter-
current to the bed motion, have shown satisfactory agree-
ment with this model in some cases and not so good in
others (Brandt and Johnson, 1963). However, the assump-
tion of constant ratio between wall and average axial stress
was shown to be inaccurate in most cases (Brandt and
Johnson). Also, the one-dimensional model is too simplified
for describing actual systems involving columns with
screens in the wall for fluid inlets and outlets (Gold et al.,
1971, 1973), as it does not take into account the effect of
the transverse flow toward the screen and the additional
stresses associated with it. It appears that a more rigorous,
two-dimensional analysis is in order.

The stress distribution in a bed of granular solids de-
pends on the external load as well as on two properties:
the friction coefficient between the particles and their
cohesiveness (Jenike and Johanson, 1970; Sokolovski,
1965). These properties determine the planes of deforma-
tion, also known as slip lines, along which the particles
move relative to each other when the stresses in the bed
are sufficiently high. Treating the bed as a continuum,
there exist in the general three-dimensional case three
normal and three tangential unknown stresses at each
point to be determined from three equilibrium equations
and additional information on the behavior of the gran-
ular medium (Sokolovski, 1965). A detailed point by point
analysis is, therefore, often very difficult. A great deal of
work in this area has been done by Jenike and Johanson
(1959, 1964, 1969, 1970) who applied the basic soil
mechanics equations to the flow of granular solids in
hoppers and bins under the influence of gravity.

The purpose of the present study has been to develop
a detailed two-dimensional model for a packed bed mov-
ing in a column with interstitial fluid flow. This model
enables to determine the stresses induced in the bed by
the fluid and the wall friction resulting therefrom and may
provide the basis for design of continuous solid-liquid
contactors and other moving bed systems.

CONCLUSIONS AND SIGNIFICANCE

An improved two-dimensional model based on con-
tinuum properties of a granular medium has been devel-
oped to determine stresses and friction forces in moving
packed beds. The detailed stress distribution in the bed
has been studied (Figure 3) with a particular emphasis
on the shear and friction forces between its particles and
the column walls. The scaling parameters were determined
from the governing equations indicating a direct relation
of all stresses to the effective pressure difference AP, across
the bed divided by its aspect ratio L/D. An integral
method of solution has been applied yielding results very
close to those of an exact solution by the method of char-
acteristics.

A plane (two-dimensional) and an axisymmetrical bed
geometry were studied. Shear stresses and friction forces at
the wall were calculated under uniform one-dimensional
axial flow conditions. The analysis shows in both cases a
practically linear growth of the shear stress at the wall with
the axial length y (scaled with the column width) as shown
in Figures 4 and 5. An upper limit on the length of the
moving bed is set by the fact that wall friction increases
faster with y than the driving force [Equations (31) and
(40)]. The shear and friction increase directly with the
wall friction coefficient u,, and decrease with the internal
friction coefficient y.

The effect of added transverse flow (due, for example,
to a screen in the wall) has been studied on a two-dimen-
sional column with a flow-permeable wall. With bed prop-
erties and axial pressure difference AP being fixed, the
shear stress and friction at the wall increase with the
added transverse flow (expressed by ) as shown in Fig-
ure 7, due to the associated pressure gradient from center
to wall which increases the normal force on the wall.

The model developed in this study is based on a rigor-
ous, point by point continuum approach to the behavior
of a granular medium under stress and may be considered
an improvement over earlier, more crude one-dimensional
models (Janssen, 1895; Delaplaine, 1956; Hancher and
Jury, 1959). Its significance lies in the fact that both axial
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and transverse pressure gradients, varying from point to
point in the bed may be taken into account in the stress
analysis and their effect on wall friction evaluated. A
direct example is the solution for the stresses and friction
caused by the transverse flow in the vicinity of a screen
treated in the last section. The model may be applied in a
similar manner to other important moving bed systems
with more complex flow conditions and geometries.

MODEL AND EQUATIONS

Figure la describes a packed bed of granular solids of
length L moving downward through a column. The bed
may be either two-dimensional of width 2D, or axisym-
metrical of radius D, with X and Y representing the trans-
verse and axial coordinates in a cartesian or in a cylindrical
coordinate system, respectively. A pressure difference AP
applied between the ends of the bed causes liquid flow
through it. In the case of concurrent flow shown in Figure
la, both gravity and fluid drag provide the driving force
for the motion. With a reverse pressure difference counter
flow takes place in which case the driving force would
be gravity alone. The bed is composed of rigid, incom-
pressible, and cohesionless particles with internal friction
coefficient x and friction coefficient with the wall u,. The
permeability K and porosity ¢ are assumed to be uniform
throughout the bed.

Figure 2a shows a small element of the two-dimen-
sional bed with the stresses o, oyy, and rzy = 7y, acting
on it. In the axisymmetrical element (Figure 2b) an addi-
tional circumferential stress og¢ is present, which may be
expressed in terms of the other stresses by the Haar-Von
Karman (1909) hypothesis. Other forces acting on the
elements are the fluid drag manifested by a pressure gradi-
ent and the net gravity force (weight minus buoyancy).
A force balance for the elements yields two equilibrium
equations:

0oz M Oryz _ oP
x T (022 — oap) Ay 10
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granular medium in limiting equilibrium.

OTzy m Ooyy oP
gy — = — — + — 1—
X tr =y 7 (ps—p1) (1 —€)g
(2)
where p, and ps are the densities of the solid particles and
the fluid, respectively, m = 0 for two-dimensional and

m = 1 for axisymmetrical geometry.

An additional equation for the three unknown stresses
is based on the properties of the medium, as is the case,
for example, in a stress analysis of an elastic solid. The
granular medium is simpler to analyze since no stress-
strain relations have to be written and the deformation
mechanism may be described in terms of a pure stress rela-
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tion known as the yield function (Jenike and Shield,
1959). While the individual particles are rigid, the bed as
a whole tends to deform slightly under the applied load
as it conforms to minor imperfections in the cylindrical
shape of the column or changes its compaction locally
due to the constantly varying stresses. Deformation of
the bed under stress occurs through relative motion and
reorientation of the particles, which take place when the
stresses present overcome the forces of internal friction.
Mohr’s circle describing the relative magnitude of normal
and shear stresses (Figure 2c¢) shows that at some angle
to the principal axes there is a plane where the ratio of
shear to normal stress is a maximum. When this ratio
becomes higher than p, motion of the particles takes place
along this plane. It follows that when the bed is in limit-
ing equilibrium Mohr’s circles for all points must be tan-
gent to the so-called yield locus (Jenike and Shield, 1959)
as shown in Figure 2¢ and the following stress relation is
obtained:

(oyy — 022)% + 4%y _ K2 (3)

(U'yy—o'xx)z 1+I"2

It should be noted that Equation (3) is quadratic and
has two roots defining two limiting equilibrium stress
fields which may develop under different conditions. Using
soil mechanics terminology, they are known as the active
and passive fields, the former caused directly by the load
with the large normal stress in the axial direction and the
latter caused by a reaction at the wall with the large stress
perpendicular to the wall. These two fields enclose a range
of elastic fields which develop when the bed is not in
limiting equilibrium, for example, when there is no ten-
dency for it to deform or during certain transitions from
active to passive stress field due to a change in the load.
Under the conditions of the problems discussed in the
present study, the direction of the load is fixed leading to
constantly increasing normal stresses in the axial direction.
Also, it is assumed that any imperfection in the cylindrical
shape of the column is a divergence (which is, in fact, an
important requirement in the actual design of moving bed
systems), and therefore the entire bed is in active limiting
equilibrium as described by oy > o5, in Equation (3).

The equations may be written in a dimensionless form,
normalizing all lengths with respect to the column half
width D, and all the stresses with respect to the effective
pressure difference AP, divided by the aspect ratio of the
bed L/D. Here

AP, = AP + (ps — ps) (1 — €)gL (4)

The dimensionless variables are

— Tzz o = Tyy o = 98
O = e Oy = e 0 = e
T D/L)aP, °' T (D/L)aP, ° " (D/L)aP,
Ty P
PSP T — (5)
(D/L)AP, (D/L)AP,
X Y
X Y7o
and the equations become
0oy m or ap
- - = 6
% x (a'x 06) + 3y 9 ( )
Ty aay:_if_)__+(Ps—Pf)(1"5)gL
ax x oy Yy AP,

(7)
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(oy—oz) + 42 4

S (8)
(O'y + U'x)z 1+
with the boundary conditions:
at y=0 o, =0y=7=0; at x=0 =0
(9)

at x=1 7= pyuos
TWO-DIMENSIONAL COLUMN WITH ONE-DIMENSIONAL
FLOW

Consider again the two-dimensional column of Figure
1a. A rigid restraining screen of negligible weight and no
resistance to flow is added at the downstream end of the
bed to prevent its unpacking by fluidization. An upward
restraining force is applied to the bed through the screen
to balance the driving force in excess of the amount re-
quired to move the bed at constant velocity against the
wall friction. This model may describe a typical continu-
ous moving bed system such as a crystal washer or an ion
exchange column (Schwartz and Probstein 1969; Gold
et al, 1971), with the restraining screen representing a
flow-permeable device constantly removing particles off
the downstream end of the bed, and where the incoming
flow is a shury containing particles constantly rebuilding
the bed at the upstream end so that a steady state is
maintained. The column has no side screens and its walls
are impermeable to flow. With the pressure difference AP
applied between the ends of the bed, this results in a one-
dimensional Darcy flow at uniform velocity v, through
the column, associated with a uniform pressure gradient
parallel to the y direction:

P P AP
Foo oo 2s (0
aX 3Y L K
and the dimensionless equilibrium equations for two-di-
mensional geometry (6) and (7) become

foe & = (11)
ox ay
S ¥ (12)
ox oy

Solution by the Method of Characteristics

Equations (11), (12), and (8) are hyperbolic and may
be transformed into another form convenient to solve by
the method of characteristics,. The transformation and
method of solution, including the numerical procedure,
have been described in detail by Sokolovski (1965).
First, the three unknown stresses are expressed in terms
of two new variables: o—the mean of the two normal
stresses, and y——the angle with the principal axes (Figure
2¢). Let

oy =0o(l —sindcos24); oy =0c(l+ sindcos 2\1:)}

T = o sin § sin 2¢
(13)

The condition for limiting equilibrium, expressed by the
yield function (8) is automatically satisfied. Substituting
(13) in (11) and (12) and taking an appropriate linear
combination of the resulting equations, the transformed
set is obtained with the first and second characteristic
directions given by

(4), ~w[on(ze2)]

2
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The characteristic directions are inclined at angles = (=/4
— 8/2) to the major principal axis, and are also slip lines
(Sokolovski, 1965). The equilibrium equations are re-
placed by

do =+ 20 tan 8dy = dy T tan 8dx (15)

with the upper and lower sign taken along the first and
second characteristic, respectively. The boundary condi-
tions (9) become

Y
at y o at x =0 o 1+sin81
l[_ (sinﬁw) ]
t =1 =y = — -1 — Oy
at x y=1 3 sin i3 )
(18)

Figure 1b shows a typical plot of the characteristics in
the right half of the column.® Three different zones are
distinguishable. In zone 1 (AOB) ¢ = 0 everywhere, the
shear stresses are zerc and the effect of wall friction is un-
noticed. The ratio of o, to oy is constant and the character-
istics are straight lines inclined at = (/4 — 8/2) to the
y axis. In zone 2 (ABC) the wall effect begins to develop
with y. The characteristics bend toward the wall to make
an angle ¢y, = (7/4 — 8/2) with it and shear stresses
appear. In zone 3 (below the line BC), the wall effect has
reached the center of the column. The increase in the
effect of wall friction with y is further illustrated in Figure
3, which shows stress profiles at various cross sections of
the bed calculated from values of o and ¢,

The shear stress and total friction force at the wall are
shown in Figure 4 as functions of y for various values of
# and p,. The dimensionless shear stress T varies almost
linearly with y, increases with wall friction coefficient u.,
and decreases with p. The latter decrease is explained by
the fact the higher internal coefficient causes less of the
axial stress to be transmitted sideways as a force normal
to the wall. The dimensionless total friction force f is

U
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Fig. 3. Stress profiles at various cross sections of two-dimensional
moving bed with one-dimensional flow (x = 1.00 and u,; = 0.90).

® The column and the flow are clearly symmetrical with respect to
the y axis.
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solution by method of characteristics; dotted lines represent solution by integral method.

defined by
¥ 1 Y F
=) rdy=——o | Ay =—
f J; Y= D¥L)ar, J; " (D?/L) P,
(17)

While the driving force on the bed (supplied by the co-
flow and gravity) increases linearly with y, the increase
in f is stronger (Figure 4b) which means that at some
point the driving force no longer exceeds friction. This
sets an uper limit on the allowable length of the moving
bed. An expression for this maximum length will be devel-
oped below.

Solution by Integral Method

Our main interest in the moving bed problem lies in the
stresses and friction forces at the wall rather than in their
detailed distribution within the bed. The solution of Equa-
tions (11), (12), and (8) may be considerably simplified
by applying an integral method, which is most suitable
for an analysis of this type and is often used, for example,
in boundary layer theory. The method is based upon inte-
grating the equilibrium equations with respect to x over
the entire width of the bed, ending up with ordinary dif-
ferential equations in y only which contain some integral
expressions. The integrals are calculated by introducing
an approximation for the stress distribution in the cross

-
= 0. For

X

@ On the centerline of the column (x = 0) for y < y*®,

ar
y > y®, — is singular—positive toward the right and negative toward
ox )
the left, with the same absolute value, by symmetry (see also lFxgure 3).
By writing a force balance for a small element on the y axis, we can

show, using symmetry arguments, that at x = 0 dgy/8y = 1 for all y,
ar

which is equivalent to setting — = 0 in Equation (12).
dx
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section of the bed. A good stress profile approximation re-
quires some prior physical knowledge on the actual dis-
tribution and must satisfy the boundary conditions in x.
The integral solution is then quite close to the exact one.

Our information on the boundary values of the stresses
and their derivatives may be extended by combining Equa-
tions (8), (11), and (12) with the boundary conditions
(9). At x = 0 we have*®

r=0; oy=1y; oz=ky (18)
In a similar way we find forx = 1
T
T = T; Ty = ——
Hw
(19)
T or 1 dr
oy = ;) e—==1— —
kwpw O kuwpw  dy
where
1 2 — 1—sind
kO: \/ T ’ = an (203)
V14 24+ 1+sind
= 1
v (\/1 + .“2 + \/;I.Z - #102)2 + fLw2
_ 1 — sin § cos 24yn, (20b)

1 -+ sin & cos 2y,
By integrating Equations (11) and (12) and making
use of (18) and (19), we obtain the integral equations

%-{—-j—y [j: fdx]=koy (21)
L[ L ea]ermr
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The solution begins by calculating the integral in Equa-
tion (21) choosing an approximate shear stress distribu-
tion of the form

r= Tx® (23)

which is similar in shape to the profiles shown in Figure
3c. g is given by

1 ( 1 dT)
= — — R 24
q - (24)

to satisfy the boundary conditions for = in (18) and (19).
Substituting (23) in (21) leads to the following equation
for T:

T d T2

S =k 25

. +dy i 1 dar oy (25)
" oo dy

which may be solved numerically with the boundary con-
dition T = 0 at y = 0. An analytical solution to this equa-
tion may be obtained for small y in the form of a power
series:

T= 2, auy (26)
n=1
where
k ko \?
(1) VB o
a1 = puy = n = (27a)
L z)
2( . Hp
ko, —
0 = 4, (korw 01) (27b)

2(5+ 12 ) + dor (e - 5)
3 ke AT
and so on. Also, for large y there exists an asymptotic solu-

tion
T = kopu (Y — pw) (28)

The total friction force is obtained by integrating T with
respect to y. For large y we have a good approximation

1
f= '2—‘ korwy? (29)

T and f from the integral solution are plotted in dotted
lines in Figure 4 next to the results of the solution by the
method of characteristics. The results of the two solutions
are very close. The asymptotic solution indicates that T is
directly proportional to s, and decreases with u like ko—
the ratio of transverse to axial stress at the center.

We now return to Equation (22) where the integral
represents the average dimensionless axial stress in a
cross section of the bed and will be denoted by oy. oy is
found to be the difference between the dimensionless
driving and friction forces:

oy=y—f (30)

A positive o, at the downstream end of the bed must be
supported by the restraining screen (or by a similar de-
vice) to keep the bed in balance. oy = 0 determines the
maximum possible length of the moving bed. From (30)
this length is found to be given approximately by

2
lnax = ——
= = (81)

AIChE Journal (Vol. 21, No. 4)

In the one-dimensional stress model of Janssen (1895),
Delaplaine (1956), and Hancher and Jury (1959), the
ratio k between the normal stress at the wall and the aver-
age axial stress was assumed to be constant. The wall stress
T based on this model and expressed in terms of the vari-
ables used in the present study is given by

T=1— g twke

It is easy to see that for small values of u,, and k this result
coincides with the asymptotic solution (28) of our pres-
ent model where k = kq. In other cases the two solutions
deviate. Experiments by Brandt and Johnson (1963) have
in fact shown that k is not quite a constant. From the re-
sults of the present analysis, k is found to be expressed by
T

k== ————— (32)
oy Fw(y - f)
AXISYMMETRICAL COLUMN WITH ONE-DIMENSIONAL
FLOW

Figure la describing the two-dimensional column may
also represent a cylindrical column with an axisymmetrical
moving bed. The uniform one-dimensional flow at constant
velocity vg results in 9P/9X = 0, 9P/3Y = — AP/L, and
equilibrium equations (6) and (7) become

+—+—=0 (33)
ox x Iy

6 ao'y
—_—— =1 34
T 5 (34)

with the extended boundary conditions (as in 3.2):

at y=0 ox=oy=7r=0
at x=0 r=0; oy=y; oz = koy
(35)
T T
at x=1 r=T; op=—; oy= e
Hw kwf’vw
a‘r_l 1 dT
ax kwpw dy

The circumferential stress o in Equation (33) may be
expressed in terms of the other normal stresses through the
Haar and Von Karman (1909) hypothesis. In the absence
of shear stresses, o5 can be proved equal to o, which is
then a principal stress. The hypothesis states that when
shear stresses are present, o4 is closely approximated by
one of the principal stresses, in this case the one which
approaches o, as the shear stresses tend to zero. The
smaller the shear compared to the normal stresses, the
closer oy is to o. It will be assumed in the present analysis
that the shear stresses are indeed small compared to the
normal ones, which is the case for friction coefficients
small compared to unity, and therefore oy ~ 0.

The integral method of solution will be adopted again
here. Equations (33) and (34) integrated with respect
to x from the center of the columm to the wall yield, with
the aid of (35), two integral equations similar to (21)
and (22). The shear stress distribution given by (23)
is chosen to calculate the integral in the first equation
with g given the appropriate value to satisfy the conditions
for 7 in (35). The following equation is obtained for T

r 4 r =k 36
e dy | [__1_dr |~ W (36)
kwp.w dy
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Fig. 5. Shear stress and total friction force ot the wall of axisymmetrical column with one-dimensional flow. Same functions for two-
dimensional geometry are shown in dotted lines for comparison.

with the boundary condition T = 0 at y = 0. (36) has an
analytical solution in the form

T =Cy (37)
where
k ko \2
(1+—‘1-) —\/(1——°—) + Skopuo?
ke kuw
= Hw (38)
Yy
ko |l
and the total friction force is therefore
1 (™
f=— J; 211'Tdy = Cy2 (39)
m

Figure 5 shows T and f as functions of y for different val-
ues of p and u,,. The results of the solution for the two-
dimensional column are plotted along in dotted lines for
comparison. Again, wall friction increases with g, and
decreases with u. The wall shear T is always lower for the
axisymmetrical column than for the two-dimensional one,
Note that C = a; where a, is the coefficient of the first
power term in the series solution for small y, Equation
(26) and (27). However, the total friction force is always
higher in the axisymmetrical column than in the two-di-
mensional one, which may be explained by the fact that
the former has more wall area per unit cross section area
than the latter.

Let us compare again the results of the present analysis
with the one-dimensional model of Janssen (1895), Dela-
plaine (1956), and Hancher and Jury (1959). There, the
wall stress T for axisymmetrical geometry may be ex-

pressed by

T=1— g 2uwky
which agrees well with (37) for small z,, and k while k =
ko.
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From the second integral equation, an expression similar
to (30) is obtained for the average dimensionless axial
stress. The maximum possible length of the moving bed is
determined by oy = 0

1
lmax C (40)
and is always smaller than l.x for the two-dimensional
geometry as given by (31).

Experimental data with axisymmetrical moving beds in
a cylindrical column were obtained by Brandt and John-
son (1983). Their experimental apparatus consisted of a
stationary, vertical bed of particles supported at the bot-
tom by a screen attached to a balance, and of a column
mounted on a rack which could be moved in both direc-
tions relative to the bed. The average axial stress was mea-
sured and plotted vs. bed depth. Unfortunately, a detailed
comparison between the present theory and this data is
not possible since no speciﬁc measurements were made to
determine the friction coefficients p and g, of the particles
used. Values of those coefficients were deduced from the
experimental results by fitting the data points to theo-
retical curves based on the one-dimensional model, as the
bed was assumed to behave according to this model. As it
turned out, the agreement with this model was not always
good, especially in the case of counterflow. Qualitatively,
the shape of the experimental curves of average axial stress
vs. bed height fits the behavior obtained in the present
model as described by Equation (30).

TWO-DIMENSIONAL COLUMN WITH AXIAL AND
TRANSVERSE FLOW

Most of the moving bed systems designed to date have
had screens in the column walls for fluid inlets and out-
lets (Aerhart et al,, 19536; Hancher and Jury, 1959;
Shwartz and Probstein, 1969; Gold et al., 1971, 1975?).
The fluid flow transverse to the bed motion in the vicinity
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Fig. 6. Flow field in two-dimensional column with axial and trans-
verse flow.

of the screens is associated with a pressure gradient from
center to wall which has a marked effect on the wall stress.
One goal of the present study which could not be achieved
with earlier one-dimensional models (Janssen, 1895; Dela-
plaine, 1956; Hancher and Jury, 1959) has been to take
this transverse flow into account and evaluate its effect.

Consider the two-dimensional column shown in Figure
6. It is similar in all aspects to the column dealt with
before (Figure la) except that the impermeable wall is
replaced by a porous one allowing a fraction of the main
axial flow to penetrate through it. For simplicity of the
analysis, it is assumed that the flow through the wall is
uniform along its length at a velocity yvo. The pressure
difference between top and bottom of the bed remains AP
as before. The effect of gravity on the bed motion is
neglected.

The pressure and velocity distributions in the bed are
governed by the equation of continuity and by Darcy’s
formula for flow through porous media, which can be
combined into Laplace’s equation for the pressure
(Shwartz and Probstein, 1968). The equation may be
solved for the present configuration with the appropriate
boundary conditions to give the following pressure dis-
tribution:

p=(~1—-y) —ypilxy)

flow field in and out of the column showing the uniform
velocity profile through the wall and the velocity distribu-
tion on the upstream and downstream ends. The flow field
has two singular points on both ends of the bed at the
wall, where the velocity reaches very high values due to
the practically zero flow resistance of the fluid path from
these points to the outside. The total incoming flow rate
is higher by a factor of (1 + 9I/2) than the one under the
same pressure difference with impermeable wall. Like-
wise, the flow rate out the downstream end is lower by a
factor of (1 — 41/2).

The dimensionless equilibrium equations for the column
are (6) and (7) with the gravity term neglected, m = 0
and with p given by (41). The corresponding boundary
conditions (9) may be extended with the aid of the Equa-
tions [as in (3.2)] to give

at x=0 r=0; az=k00y=ko[y—vp1(0,y)]
T

at x=1 r1=T; op=—; oy= T (42)
Mo kaw

61-_<1_ 1 dT) (Ly)
ax kupw  dy v ay Y

To apply the integral method of solution, Equations (6)
and (7) are integrated with respect to x from center to
wall and yield with the aid of (42):

T d 1
PR

+y[(1 - ko)Pi(O,y) - px(l,y)] (43)

d d (™
d—yfo O'ydx:‘-l—'T—’y—@J; P]dx (44)

Once again a shear stress profile of the form described by
(23) is chosen, with g given the appropriate value to
satisfy the boundary conditions for - in (42). By substitut-
ing the profile in (43) and evaluating the integral, the
following equation is obtained for T

r ., d T2 .
— —— = y
o  dy I 4T apy ’
1+7T— L,
Fore d7 y 5 (Ly)
+ ¥y (1 — ko)p:(0,y) — p:i(L,4)1 (45)

which can be solved numerically with the boundary con-
dition T = 0 aty = 0.

Figure 7 describes the wall shear T and the total fric-
tion f as functions of y for different values of v and I with

cosh[ (2n - 1) -:i] sin[ (2n—1) %]

4 - 1
) 2, (2n —1)2

n=1

=(l-y)—»

from which the velocity field can be determined. The de-
tails of the solution are given in Appendix A. The pressure
field is composed of a uniform gradient in the y direction
as in the case of impermeable wall and of a secondary field
p1 due to the added transverse flow. Figure 6 describes the
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(41)

sinh [(.‘Zn - 1) -%]

fixed-bed properties. The dependence on y is similar to
that with impermeable wall (y = 0). There is a slight de-
crease of T with y for values of y close to I, due to the
singularity of the flow field at this point. The effect of the
transverse flow on the wall stress is clearly demonstrated by
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Fig. 7. Shear stress and total friction force at the wall of two-dimensional column with oxial and transverse flow. Bed properties
are u = 0.20, u,, = 0.10.

the increase of both T and f with y and with . It is inter-
esting to note that for negative values of y the wall stress
is lower than that with impermeable wall. By reversing
the flow through the wall and introducing fluid from the
outside, a transverse pressure gradient from wall to center
is formed, which opposes the transmission of axial forces
sideways through the bed and reduces the stress normal
to the wall and hence the friction.

The solution obtained for T from (45) may be substi-
tuted in the other integral Equation (44) to find the aver-
age axial stress and the maximum length of the bed.

NOTATION

a, = constants in poWer series expansion of T, Equa~
tion (30)

C = constant defined by Equation (46)

€1, Cs, C3, €4, Cn = constants of integration, Equations
(A.8), (A.10)

D = half width or half diameter of the column

F = total friction force, Equation (21)

f = dimensionless total friction force, Equations (21),
(47)

g = gravity

K = permeability of the bed

k = ratio between normal stress at the wall and aver-
age axial stress, Equation (87)

ko = dimensionless constant defined by Equation
(24a)

ky, = dimensionless constant defined by Equation
(24b)

L = length of the moving bed

l = dimensionless length of the moving bed, L/D

lnax = maximum length of the moving bed
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n = integer index

P = {luid pressure

AP = pressure difference between the ends of the bed

AP, = eltective pressure difference between the ends
of the bed, Equation (5)

p = dimensionless {luid pressure, Equation (6)

p1 = secondary pressure field in column with perme-
able wall, Equation (50)

q = power of x in shear stress profile, Equation (27)

T = dimensionless shear stress at the wall

u = velocity component in the x direction

>

\% = velocity vector

v = velocity component in the y direction

vy = fluid axial velocity in column with impermeable
wall

X = transverse coordinate

x = dimensionless transverse coordinate, X/D

Y = axial coordinate

Yy = dimensionless axial coordinate, Y/D

y® = the value of y corresponding to point B in Figure

3 where the wall effect has reached the center
of the column

Greek Letters

y =ratio of transverse velocity through permeable
wall to the axial velocity with impermeable wall

8 = internal friction angle, tan~u

8, = friction angle at the wall, tan~1p,,

€ = porosity of the bed

7 = fluid viscosity

A = constant, Equation (A.7)

B = internal friction coefficient
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wall friction coeflicient

Pw —

v = a function of y only in separation of variables of
p1, Equation (A.6)

£ = a function of x only in separation of variables of
p1, Equation (A.6)

pt = fluid density

ps = density of solid particles in the bed

o = mean normal stress (Figure 2)

ow = normal stress at the wall

o = dimensionless normal stress in the transverse di-
rection, Equation (6)

ozp = valueof oy atx =1

ozz = normal stress in the transverse direction

oy = dimensionless normal stress in the axial direction,
Equation (6)

oy = valueof oyyatx =0

oy = normal stress in the axial direction

oy = average axial stress, Equation (35)

og = dimensionless normal stress in the circumferen-
tial direction, Equation (11)

ogge = normal stress in the circumferential direction

rw = shear stress at the wall

rey = shear stress (cartesian coordinates)

W = angle with the principal axes, Figure 2

$py = angle with the principal axes at the wall, Equa-

tion (20)
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APPENDIX A. PRESSURE AND VELOCITY DISTRIBUTION
IN A TWO-DIMENSIONAL MOVING BED WITH
AXIAL AND TRANSVERSE FLOW

The pressure and velocity distributions in the bed (Figure
6) are governed by the equation of continuity

- ou ov

VV=—4+—=90 Al
X Ty (A1)
and by Darcy’s formula for flow through porous media:
K oP K gpP
=——— V= — - — (A.2)
n oX n aY

(A.1) and (A.2) can be combined into a Laplace equation for
the pressure which may be written in a dimensionless form
using (5):

82 2
d _3_2_ =90 (A.3)
ox2 ay?
with the boundary conditions:
op
at x=0 P 0 (symmetry) (Ada)
x
if locity through
at 1 a_p= _y (uniform velocity throug (Adb)
ox the wall)
at y=0 p=1 (pressure difference AP be- (A.4c)
tween top and bottom of
at y=1 p=0 the bed) (A.4d)
To solve for p, let
p=(1—y) +pilx,y) (A5)

Here p; has to satisfy Laplace’s equation and the same
boundary conditions (A4) as p, except that at y = 0, p! = 0

and atx = 1 9p1/dx = — 1. Applying separation of variables:
pilx,y) = e(x)v(y) (A.8)
hence, from (A.3)
E’I ’”
Lol (AT)
£ v

where A is a constant. Solving for ¢ and » we have
p1 = v = (c1 cosh Ax 4 ca sinh Ax) (¢35 cos hy -+ ¢4 sin hy)
(A.8)

where c1, ¢z, 3, and ¢4 are constants of integration. By apply-
ing the boundary conditions (A.4a), (A.4c), and (A4d), co,
¢3, and ) are determined and (A.8) reduces to the form

nx \  ( nay
P1 = c104 cosh 7 sin ——l

where n is any integer. Since the equation is linear, p1 may be
rewritten as a sum of terms like in (A.9) for all values of n,
replacing the product cics by constants cp:

p1= 2 ¢cn cosh ( ki )sin(-%n—r;g-)

n=1
By differentiating (A.10) with respect to x, the pressure gradi-
ent at the wall is obtained in the form of a Fourier series in y.
The constants cn are determined by applying the last bound-
ary condition {(A.4b):

(A9)

(A.10)

2l —1)n—1
Cn = [ ) ] (A.11)

B ()2 sinh (%i)
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and, therefore,

a4
==y —v— 21
1 cosh[ (2n-; 1)nx ]sin[ (2n ——ll)ny ]
(2n—1)2

sinh[ (2n—l-l)n]

(41)

The velocity field may be obtained from (41) by Darcy’s
formula (A.2):

4 4 °°
w=TT 2

n=1

sinh[ (2n --l l)nx]

(2n — 1) sinh[ (2n — l)n]
l

sinh[ (2n——l 1)ay ]

(A.12)

4 L]
[(2n—1)nx] [(2n—1)ny]
cosh cos
l l
(2n — 1) . [(2n—l)n]

(A.13)

The total incoming and outgoing flow rates at the ends of the
bed may be found by integrating v in (A.13) with respect to
x from one wall to the other for y = 0 and y = [, respectively.
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Hydrogenation of Acetone in a Vibrating

Slurry Reactor

The behavior of a vibrating column of liquid as a shury reactor and
the dependence of the mass transfer resistances on the frequency of oscilla-
tion and liquid temperature were studied. The hydrogenation of liquid
acetone over Raney nickel was chosen as the model reaction. The tortuosity
factor of the catalyst was determined from measurements with two different

particle sizes.

N. O. LEMCOFF
and G. J. JAMESON

Department of Chemical Engineering
Imperial College, London, SW7, England

SCOPE

Slurry reactors are used in the chemical industry in
processes involving heterogeneous catalysis where a gas
reacts with a liquid on a solid catalyst. They are mainly
used in small-scale batch reactions and in hydrogenations.

When stirred tanks are used as slurry reactors, diffu-
sional limitations are found quite often. The hydrogena-
tion of a-methylstyrene on supported and black palladium
was investigated in different shurry reactors (Johnson, et al.,
1957; Sherwood and Farkas, 1966) and the mass transfer
to the solid catalyst was the rate determining step. The
same effect was found in the hydrogenation of nitro-
benzene over palladium (Snyder et al., 1957) and of cyclo-
hexene over platinum and palladium (Price and Schiewetz,
1957; Sherwood and Farkas, 1966).

Since mass transfer is generally the limiting factor, an
improvement in the agitation will increase the yield of
the reaction. Several authors have reported that when a
column of liquid is made to oscillate vertically, a consid-

erable increase in the gas-liquid (Buchanan et al., 1963;
Jameson, 1966) and solid-liquid (Lemcoff and Jameson,
1975) mass transfer rates is obtained. When the oscilla-
tion frequency is greater than a certain limit, a cycling
of bubbles is produced which generates very high turbu-
lence and interfacial areas (Jameson, 1966), contributing
to the above mentioned effect (resonant bubble contactor).

The purpose of this work is to use this vibrating con-
tactor in the hydrogenation of aqueous acetone on Raney
nickel and to analyze the effect of the bubble cycling on
the diffusional resistances, with a view to using this con-
tactor for solid catalyzed gas-liquid reactions in general.
The rate of hydrogenation is determined at constant pres-
sure from volumetric measurements, and the effect the
temperature, pressure, oscillation frequency, and bubble
cycling have on it is studied. At the same time, the pore
diffusion in the catalyst particle is analyzed and its tortu-
osity factor is determined.

CONCLUSIONS AND SIGNIFICANCE

The tortuosity factor of the Raney nickel catalyst was
4.0, in agreement with published results for similar cata-
lysts (Satterfield, 1970). The apparent activation energies
for the hydrogenation of acetone, determined in the

N. O. Lemcoff is with the Centro de Investigacién y Desarrollo en
Procesos Cataliticos (CINDECA), Facultad de Ciencias Exactas, 47 y
115, La Plata, Argentina.
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absence of external diffusional effects, were 10.1 for Nicat
102 and 5.7 keal/gmole for Nicat 820. The smallest
catalyst particle had an effectiveness factor of one, while
the largest operated in the asymptotic zone, and there-
fore the first value quoted is that associated with the rate
of reaction constant.

Solid-liquid and gas-liquid diffusional effects become
negligible at frequencies of oscillation above 1500 rev./
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